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LECTURE25

Double integrals

25.1 Introduction to double integrals

Recall that the definite integral of a one variable function f was defined as
ˆ b

a
f (x)d s = lim

max∆xk→0

n∑
k=1

f (x∗
k )∆xk = lim

n→∞
n∑

k=1
f (x∗

k )∆xk

arose from a problem of finding area under curve.

Figure 25.1: Volume enclosed between the surface z = f (x, y) and the region R.

Definition 25.1 (The volume problem).

Given a function f of two variables that is continuous non-negative on a region R in

1



2 LECTURE 25. DOUBLE INTEGRALS

the x y−plane, find the volume of the solid enclosed between the surface z = f (x, y) and

the region R.

In order to address the volume problem, we proceed as follows.

Figure 25.2: Dividing the rectangle enclosing the region R into n subrectangles.

1. Using lines parallel to the coordinate axes, divide the rectangle enclosing the

region R into n sub-rectangles.

2. Choose any arbitrary point (x∗
k , y∗

k ) in each sub-rectangle.

3. Let ∆Ak denote the area of the k th rectangle.

4. The volume of a rectangular parallelopiped with height f (x∗
k , y∗

k )and base area

∆Ak is given by f (x∗
k , y∗

k )∆Ak .

5. Approximation to the volume V of the entire solid is

R =
n∑

k=1
f (x∗

k , y∗
k )∆Ak .

The sum R is called the nth Riemann sum.

Definition 25.2 (Volume under a surface).

If f is a function of two variables that is continuous and non-negative on a region R

in the x y−plane, then the volume of the solid enclosed between the surface z = f (x, y)

and the region R is defined by

V = lim
n→+∞

n∑
k=1

f (x∗
k , y∗

k )∆Ak

Here n → +∞ indicates the process of increasing the number of sub-rectangles of the

rectangle enclosing R in such a way that both the lengths and the widths of the sub-

rectangles approach zero.
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Definition 25.3 (Double integral).

The double integral of a function f (x, y) over a region R is defined as the limit of the

Riemann sums and is denoted byÏ
R

f (x, y)d A = lim
n→+∞

n∑
k=1

f (x∗
k , y∗

k )∆Ak .

If f is continuous and non-negative on the region R, then the volume V can be related

to the double integral as

V =
Ï

R
f (x, y)d A.

Definition 25.4 (Partial integration).

The partial derivatives of a function f (x, y) are calculated by holding one of the vari-

ables fixed and differentiating with respect to the other variable. If we reverse this pro-

cess, we call it partial integration. The symbols

ˆ b

a
f (x, y)d x and

ˆ d

c
f (x, y)d y

denote the partial definite integrals with respect to x and y, respectively.

Example 25.1. ˆ 1

0
x y2d x = y2

ˆ 1

0
xd x = y2x2

2

∣∣∣1

0
= y2

2

and ˆ 1

0
x y2d y = x

ˆ 1

0
y2d y = x y3

3

∣∣∣1

0
= x

3
.

25.1.1 Iterated integrals

Definition 25.5 (Iterated integrals). A partial definite integral with respect to x is a

function of y and hence can be integrated with respect to y; similarly, a partial definite

integral with respect to y can be integrated with respect to x. This two-stage integration

process is called iterated (or repeated) integration. We introduce the following notation

ˆ d

c

ˆ b

a
f (x, y)d xd y =

ˆ d

c

[ˆ b

a
f (x, y)d x

]
d y,

ˆ b

a

ˆ d

c
f (x, y)d yd x =

ˆ b

a

[ˆ d

c
f (x, y)d y

]
d x.

These integrals are called iterated integrals.

Example 25.2. Evaluate

ˆ 3

1

ˆ 4

2
(40−2x y)d yd x and

ˆ 4

2

ˆ 3

1
(40−2x y)d xd y.
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Solution.
ˆ 3

1

ˆ 4

2
(40−2x y)d yd x =

ˆ 3

1

[ˆ 1

2
(40−2x y)d y

]
d x =

ˆ 3

1
(40y −x y2)

∣∣∣4

y=2
d x,

=
ˆ 3

1
[(160−16x)− (80−4x)]d x =

ˆ 3

1
(80−12x)d x

= (80x −6x2)
∣∣∣3

1
= 112

and
ˆ 4

2

ˆ 3

1
(40−2x y)d xd y =

ˆ 1

2

[ˆ 3

1
(40−2x y)d x

]
d y =

ˆ 4

2
(40x −x2 y)

∣∣∣3

x=1
d y

=
ˆ 4

2
[(120−9y)− (40− y)]d y =

ˆ 4

2
(80−8y)d y

= (80y −4y2)
∣∣∣4

2
= 112.

Therefore,

V =
ˆ 3

1

ˆ 4

2
(40−2x y)d yd x =

ˆ 4

2

ˆ 3

1
(40−2x y)d xd y = 112

Theorem 25.6 (Fubini).

Let R be the rectangle defined by the inequalities

a ≤ x ≤ b, c ≤ y ≤ d .

If f (x, y) is continuous on this rectangle, thenÏ
R

f (x, y)d A =
ˆ d

c

ˆ b

a
f (x, y)d xd y =

ˆ b

a

ˆ d

c
f (x, y)d yd x.

Example 25.3. Evaluate the double integral
Ï

R
y2xd A over the rectangle

R =
{

(x, y) : −3 ≤ x ≤ 2, 0 ≤ y ≤ 1
}

.

Solution. Ï
R

y2xd A =
ˆ 1

0

ˆ 2

−3
y2xd xd y =

ˆ 1

0

[
1

2
y2x2

]2

x=−3
d y

=
ˆ 1

0

(
−5

2
y2

)
d y =−5

6
y3

∣∣∣3

0
=−5

6
.

Example 25.4. Use a double integral to find the volume of the solid that is bounded

above by the plane z = 4−x − y and below by the rectangle R = [0,1]× [0,2].
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Figure 25.3: Volume of the solid bounded above by the plane z = 4− x − y and below
the rectangle R = [0,1]× [0,2].

Solution.

The volume is the double integral of z = 4−x−y over R. Using theorem of Fubini, this

can be obtained from either of the iterated integrals

ˆ 2

0

ˆ 1

0
(4−x − y)d xd y or

ˆ 1

0

ˆ 2

0
(4−x − y)d yd x.

Using the first of these, we obtain

V =
Ï

R
(4−x − y)d A =

ˆ 2

0

ˆ 1

0
(4−x − y)d xd y

=
ˆ 2

0

[
4x − x2

2
−x y

]1

x=0
d y =

ˆ 2

0

(
7

2
− y

)
d y

=
[

7

2
y − 1

2
y2

]2

0
= 5

Theorem 25.7 (Properties of double integrals).

1.
Ï

R
c f (x, y)d A = c

Ï
R

f (x, y)d A where c is a constant.

2.
Ï

R

[
f (x, y)+ g (x, y)

]
d A =

Ï
R

f (x, y)d A+
Ï

R
g (x, y)d A.

3.
Ï

R

[
f (x, y)− g (x, y)

]
d A =

Ï
R

f (x, y)d A−
Ï

R
g (x, y)d A.

4.
Ï

R
f (x, y)d A =

Ï
R1

f (x, y)d A+
Ï

R2

f (x, y)d A.
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Figure 25.4: The volume of the entire solid is the sum of the volumes of the solids R1

and R2.

25.2 Integrals over non-rectangular regions

In this section, we will consider the iterated integrals over non-rectangular regions,

precisely we consider the integrals with variables limits of the form
ˆ b

a

ˆ g2(x)

g1(x)
f (x, y)d yd x =

ˆ b

a

[ˆ g2(x)

g1(x)
f (x, y)d y

]
d x

ˆ d

c

ˆ h2(y)

h1(y)
f (x, y)d xd y =

ˆ d

c

[ˆ h2(y)

h1(y)
f (x, y)d x

]
d y

Definition 25.8. A type I region is bounded on the left and right by vertical lines x = a

and x = b and is bounded below and above by continuous curves y = g1(x) and y =
g2(x), whereg1(x) ≤ g2(x) for a ≤ x ≤ b, see Figure 25.5.

A type II region is bounded below and above by horizontal lines y = c and y = d and

is bounded on the left and right by continuous curves x = h1(y) and x = h2(y) satisfying

h1(y) ≤ h2(y) for c ≤ y ≤ d, see Figure 25.5.

Figure 25.5: Left: type one region. Right: type two region.

Example 25.5. Evaluate

ˆ 1

0

ˆ x2

−x
y2xd yd x.
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Solution. ˆ 1

0

ˆ x2

−x
y2xd yd x =

ˆ 1

0

[ˆ x2

−x
y2xd y

]
d x =

ˆ 1

0

y3x

3

∣∣∣y=x2

y=−x
d x

=
ˆ 1

0

[
x7

3
+ x4

3

]
d x =

(
x8

24
+ x5

15

)∣∣∣1

0
= 13

120
.

Example 25.6. Evaluate

ˆ π/3

0

ˆ cos y

0
x sin yd xd y.

Solution.ˆ π/3

0

ˆ cos y

0
x sin yd xd y =

ˆ π/3

0

[ˆ cos y

0
x sin yd x

]
d y =

ˆ π/3

0

x2

2
sin y

∣∣∣x=cos y

x=0
d y

=
ˆ π/3

0

[
1

2
cos2 y sin y

]
d y =−

(
1

6
cos3 y

)∣∣∣π/3

0
= 7

48
.

Theorem 25.9.

If R is a type I region on which f (x, y) is continuous, thenÏ
R

f (x, y)d A =
ˆ b

a

ˆ g2(x)

g1(x)
f (x, y)d yd x.

If R is a type II region on which f (x, y) is continuous, thenÏ
R

f (x, y)d A =
ˆ d

c

ˆ h2(y)

h1(y)
f (x, y)d xd y.

Example 25.7. Evaluate
Ï

R
x yd A over the region R enclosed between

y = 1

2
x, y =p

x, x = 2, x = 4.

Solution. We view R as a type I region. The region R and a vertical line corresponding

to a fixed x are shown in Figure 25.6. This line meets the region R at the lower bound-

ary y = 1

2
x and the upper boundary y = p

x. These are the y−limits of integration.

Moving this line first left and then right yields the x−limits of integration, x = 2 and

x = 4. Thus, Ï
R

x yd A =
ˆ 4

2

ˆ p
x

x/2
x yd yd x =

ˆ 4

2

[
x y2

2

]px

y=x/2
d x

=
ˆ 4

2

(
x2

2
− x3

8

)
d x =

[
x3

6
− x4

32

]4

2

=
(

64

6
− 256

32

)
−

(
8

6
− 16

32

)
= 11

6
.
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Figure 25.6: R enclosed between y = 1

2
x, y =p

x, x = 2, x = 4..

Example 25.8. Use a double integral to find the volume of the tetrahedron bounded by

the coordinate planes and the plane z = 4−4x −2y.

Figure 25.7: The tetrahedron bounded by the coordinate planes and the plane z =
4−4x −2y .

Solution. The tetrahedron in question is bounded above by the plane z = 4−4x −2y

and below by the triangular region R. Thus, the volume is given by

V =
Ï

R
(4−4x −4y)d A.

The region R is bounded by the x−axis, and the line y = 2− 2x (set z = 0) so that

treating R as a type I region yields

V =
Ï

R
(4−4x −4y)d A =

ˆ 1

0

ˆ 2−2x

0
(4−4x −2y)d yd x

=
ˆ 1

0

[
4y −4x y − y2]2−2x

y=0 d x

=
ˆ 1

0
(4−8x +4x2)d x = 4

3
.
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Example 25.9. Find the volume of the solid bounded by x2+y2 = 4, y+z = 4 and z = 0.

Figure 25.8: The solid bounded by x2 + y2 = 4, y + z = 4 and z = 0.

Solution. The solid is bounded by the plane z = 4−y and below by the region R within

the circle x2 + y2 = 4. The volume is given by

V =
Ï

R
(4− y)d A.

Treating R as a type I region, we obtain

V =
ˆ 2

−2

ˆ p
4−x2

−
p

4−x2
(4− y)d yd x

=
ˆ 2

−2

[ˆ p
4−x2

−
p

4−x2
(4− y)d y

]
d x

=
ˆ 2

−2
8
√

4−x2d x = 8(2π) = 16π.

25.3 Reversing the order of integration

Sometimes the evaluation of an iterated integral can be simplified by reversing the

order of integration. The next example illustrates how this is done.

Example 25.10.

Since there is no elementary anti-derivative of ex2
, the integral

ˆ 2

0

ˆ 1

y/2
ex2

d xd yd y

cannot be evaluated by performing the x−integration first. We evaluate this integral by

expressing it as an equivalent iterated integral with the order of integration reversed.
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Figure 25.9: The triangular regin R of integration.

For the inside integration, y is fixed and x varies from the line x = y

2
to the line

x = 1; see Figure 25.9. For the outside integration, y varies from 0 to 2, so the given

iterated integral is equal to a double integral over the triangular region R in Figure

25.9. We treat R as a type I region, which enables us to write the given integral as

ˆ 2

0

ˆ 1

y/2
ex2

d xd y =
Ï

ex2
d A =

ˆ 1

0

ˆ
02x ex2

d yd x

=
ˆ 1

0

[
ex2

y
]y=2x

y=0
d x =

ˆ 1

0
2xex2

d x = ex2
∣∣∣1

0
= e −1.
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